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We present a modification to our recently published SAFT-based classical density functional the-
ory for water. We have recently developed and tested a functional for the averaged radial distribution
function at contact of the hard-sphere fluid that is dramatically more accurate at interfaces than
earlier approximations. We now incorporate this improved functional into the association term of
our free energy functional for water, improving its description of hydrogen bonding. We examine the
effect of this improvement by studying two hard solutes: a hard hydrophobic rod and a hard sphere.
The improved functional leads to a moderate change in the density profile and a large decrease in
the number of hydrogen bonds broken in the vicinity of the solutes.
I. INTRODUCTION
Water, the universal solvent, is of critical practical im-
portance, and a continuum description of water is in high
demand for a solvation model. A number of recent at-
tempts to develop improved solvation models for water
have built on the approach of classical density functional
theory (DFT) [1–7]. Classical DFT is based on a descrip-
tion of a fluid written as a free energy functional of the
density distribution. There are two general approaches
used to construct a classical DFT for water. The first
is to choose a convenient functional form which is then
fit to properties of the bulk liquid at a given tempera-
ture and pressure [1–8]. Using this approach, it is pos-
sible to construct a functional that reproduces the exact
second-order response function of the liquid under the fit-
ted conditions. However, this class of functional will be
less accurate at other temperatures or pressures—and in
the inhomogeneous scenarios in which solvation models
are applied. The second approach is to construct a func-
tional by applying liquid-state theory to a model system,
and then fit the model to experimental data such as the
equation of state [9–19].
A widely used family of models used in the develop-
ment of classical density functionals is based on Statis-
tical Associating Fluid Theory (SAFT) [20]. SAFT is
a theory based on a model of hard spheres with weak
dispersion interactions and hydrogen-bonding association
sites, which has been used to accurately model the equa-
tions of state of both pure fluids and mixtures over a wide
range of temperatures and pressures [21, 22]. The asso-
ciation contribution to the free energy uses Wertheim’s
first-order thermodynamic perturbation theory to de-
scribe an associating fluid as hard-spheres with strong
associative interactions at specific sites on the surface
of each sphere [23–26]. These association sites have an
attractive interaction at contact, and rely on the hard-
sphere pair distribution function at contact gHSσ in order
to determine the extent of association. While this func-
tion is known for the homogeneous hard-sphere fluid, it
must be approximated for inhomogeneous systems, such
as occur at liquid interfaces.
In a recent paper, we examined the pair distribution
function at contact in various inhomogeneous configura-
tions [27]. We tested the accuracy of existing approxima-
tions for the pair distribution function at contact [28, 29],
and derived a significantly improved approximation for
the averaged distribution function at contact. In this pa-
per we apply this improved gHSσ to the SAFT-based clas-
sical density functional for water developed by Hughes et
al. [9]. This functional was constructed to reduce in the
homogeneous limit to the 4-site optimal SAFT model for
water developed by Clark et al. [10]. The DFT of Hughes
et al. uses the association free energy functional of Yu
and Wu [28], which is based on a gHSσ that we have since
found to be inaccurate [27]. In this paper, we will exam-
ine the result of using the improved functional for gHSσ
developed in Hughes et al. to construct an association
free energy functional.
II. METHOD
The classical density functional for water of Hughes et
al. consists of four terms:
F [n(r)] = Fideal[n(r)] + FHS[n(r)] + Fdisp[n(r)] + Fassoc[n(r)]
(1)
where Fideal is the ideal gas free energy and FHS is the
hard-sphere excess free energy, for which we use the
White Bear functional [30]. Fdisp is the free energy con-
tribution due to the square-well dispersion interaction;
this term contains one empirical parameter, sd, which is
used to fit the surface tension of water near one atmo-
sphere. Finally, Fassoc is the free energy contribution due
to association, which is the term that we examine in this
paper.
A. Dispersion
The dispersion term in the free energy includes the van
der Waals attraction and any orientation-independent in-
teractions. Following Hughes et al., we use a dispersion
term based on the SAFT-VR approach[31], which has
two free parameters (taken from Clark et al [10]): an in-
teraction energy d and a length scale λdR.
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FIG. 1. Comparison of Surface tension versus temperature for
theoretical and experimental data. The experimental data
is taken from NIST [33]. The length-scaling parameter sd
is fit so that the theoretical surface tension will match the
experimental surface tension near room temperature.
The SAFT-VR dispersion free energy has the form [31]
Fdisp[n] =
∫
(a1(r) + βa2(r))n(r)dr (2)
where a1 and a2 are the first two terms in a high-
temperature perturbation expansion and β = 1/kBT .
The first term, a1, is the mean-field dispersion interac-
tion. The second term, a2, describes the effect of fluctu-
ations resulting from compression of the fluid due to the
dispersion interaction itself, and is approximated using
the local compressibility approximation (LCA), which
assumes the energy fluctuation is simply related to the
compressibility of a hard-sphere reference fluid[32].
The form of a1 and a2 for SAFT-VR is given in ref-
erence [31], expressed in terms of the packing fraction.
In order to apply this form to an inhomogeneous density
distribution, we construct an effective local packing frac-
tion for dispersion ηd, given by a Gaussian convolution
of the density:
ηd(r) =
1
6
√
piλ3ds
3
d
∫
n(r′) exp
(
− |r− r
′|2
2(2λdsdR)2
)
dr′. (3)
This effective packing fraction is used throughout the dis-
persion functional, and represents a packing fraction av-
eraged over the effective range of the dispersive interac-
tion. Eq. 3 contains an additional empirical parameter
sd introduced by Hughes et al., which modifies the length
scale over which the dispersion interaction is correlated.
B. Association
The association free energy for our four-site model has
the form:
Fassoc[n] = kBT
∫
nsite(r)
(
lnX(r)− X(r)
2
+
1
2
)
dr
(4)
where nsite(r) is the density of bonding sites at position r:
nsite(r) =
{
4n(r) this work
4n0(r)ζ(r) Hughes et al. [9]
(5)
where the factor of four comes from the four hydrogen
bond sites, the fundamental measure n0(r) is the aver-
age density contacting point r, and ζ(r) is a dimension-
less measure of the density inhomogeneity from Yu and
Wu [28]. The functional X(r) is the fraction of associa-
tion sites not hydrogen-bonded, which is determined for
our 4-site model by the quadratic equation
X(r) =
√
1 + 2n′site(r)κagSWσ (r) (e−βa − 1)− 1
n′site(r)κagSWσ (r) (e−βa − 1)
, (6)
where
n′site(r) =
{
4
piσ2
∫
n(r′)δ(σ − |r− r′|)dr′ this work
4n0(r)ζ(r) Hughes et al.
(7)
is the density of bonding sites that could bond to the
sites nsite(r), and
gSWσ (r) = g
HS
σ (r) +
1
4
β
(
∂a1
∂ηd(r)
− λd
3ηd
∂a1
∂λd
)
, (8)
where gHSσ is the correlation function evaluated at con-
tact for a hard-sphere fluid with a square-well dispersion
potential, and a1 and a2 are the two terms in the disper-
sion free energy defined below Eq. 2. The radial distri-
bution function of the square-well fluid gSWσ is written as
a perturbative correction to the hard-sphere radial dis-
tribution function gHSσ . The functional of Hughes et al.
uses the gHSσ from Yu and Wu [28]. In this work, we use
the gHSσ derived by Schulte et al. [27].
As in Hughes et al., we use Clark’s five empirical pa-
rameters, and fit the calculated surface tension to exper-
imental surface tension at ambient conditions by tuning
the parameter sd, which adjusts the length-scale of the
average density used for the dispersion interaction. With
the improved association term, we find these agree when
sd is 0.454, which is an increase from the value of 0.353
found by Hughes et al.. In order to explore further the
change made by the improved association term, we com-
pared the new functional with that of Hughes et al. for
the two hydrophobic cases of the hard rod and the hard
spherical solute.
30.0 0.2 0.4 0.6 0.8 1.0
Radius (nm)
0.0
0.5
1.0
1.5
2.0
2.5
3.0
De
ns
ity
 (g
/m
L)
Hughes, et al
This work
FIG. 2. Density profiles for a water around a single hy-
drophobic rod of radius 0.1 nm. The solid red profile is from
the functional developed in this paper and the dashed blue
profile is the result from Hughes et al.. For scale, under the
profiles is a cartoon of a string of hard spheres touching in
one dimension. The horizontal black dotted line is the bulk
density for water and the vertical line on the left at 0.1 nm
represents the rod wall.
III. RESULTS
We will first discuss the case of a single hydrophobic
rod immersed in water. Figure 2 shows the density profile
of water near a rod with radius 1 A˚. The density com-
puted using the functional of this paper is qualitatively
similar to that from Hughes et al., with a comparable
density at contact—consistent with having made only a
moderate change in the free energy. The first density
peak near the surface is higher than that from Hughes
et al., and the peak has a kink at the top. This reflects
the improved accuracy of the gHSσ from Hughes et al.,
since beyond the first peak water molecules are unable
to touch—or hydrogen bond to—molecules at the surface
of the hard rod. This is illustrated under the profiles in
Figure 2 by a cartoon of adjacent hard spheres that are
increasingly distant from the hard rod surface.
In addition to the density, we examine the number of
hydrogen bonds which are broken due to the presence of
a hard rod. We define this quantity as
Nbroken HB = 2
∫
(X(r)−Xbulk)nsite(r)dr (9)
where Xbulk = 0.13 is the fraction of unbonded asso-
ciation sites in the bulk. The factor of 2 is chosen to
account for the four association sites per molecule, and
the fact that each broken hydrogen bond must be rep-
resented twice—once for each of the molecules involved.
In Fig. 3 we show the number of hydrogen bonds broken
by a hard rod per nanometer length, as predicted by the
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FIG. 3. Broken hydrogen bonds per nanometer for hydropho-
bic rods immeresed in water. The solid red line uses the
functional developed in this paper while the dashed blue line
uses the functional from Hughes et al.. For large enough rods,
the graph increases linearly for both functionals.
functional of Hughes et al. (dashed line) and this work
(solid line), as a function of the radius of the hard rod.
In each case in the limit of large rods, the number of bro-
ken bonds is proportional to the surface area. At every
radius, the functional of Hughes et al. predicts approxi-
mately four times as many broken hydrogen bonds as the
improved functional.
A common test case for studying hydrophobic solutes
in water is the hard-sphere solute. Figure 4 shows results
for the number of broken hydrogen bonds caused by a
hard-sphere solute, as a function of the solute radius. As
in Fig. 3, the number of broken bonds scales with surface
area for large solutes, and the number of broken bonds
is about four times smaller than the number from the
functional of Hughes et al.. For solutes smaller than 3 A˚
in radius, there is less than a tenth of a hydrogen bond
broken. This is consistent with the well-known fact that
small solutes (unlike large solutes) do not disrupt the
hydrogen-bonding network of water [34].
IV. CONCLUSION
We have modified the classical DFT for water devel-
oped by Hughes et al. [9] with the more accurate radial
distribution function at contact developed by Schulte et
al. [27], which affects the predicted hydrogen bonding be-
tween water molecules. We found that while this modifi-
cation has a relatively mild effect on the free energy and
density profiles, it predicts fewer broken hydrogen bonds
around hydrophobic solutes and at aqueous interfaces.
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FIG. 4. Broken hydrogen bonds for hard spheres immeresed
in water. The solid red line uses our the functional developd
in this paper while the dashed blue line is from Hughes et al..
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